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Characterizing spatial cross-correlation between ground motion
spectral accelerations at multiple periods

By Christophe Loth and Jack W. Baker

Abstract
Many seismic loss problems (such as damage of distributed infrastructure and losses to

portfolios of structures) are dependent upon the regional distribution of ground motion intensity,
rather than intensity at only a single site. Quantifying ground-motion shaking over a spatially-
distributed region therefore requires information on the correlation between the ground-motion
intensities at different sites during a single event. The focus of the present study is to assess the
spatial correlation between ground motion spectral accelerations at different periods. Ground
motions from eight well-recorded earthquakes were used to study the spatial correlations. Based
on obtained empirical correlation estimates, the authors propose a geostatistics-based method to
formulate a predictive model that is suitable for simulation of spectral accelerations at multiple
sites and multiple periods. While the calibration of this model and investigation of its
implications were somewhat complex, it should be emphasized that the model is very simple to
use for making correlation predictions. A user of this model only needs to evaluate Equation (42),
with the needed coefficients from Table 4 and Table 5, to compute a correlation coefficient for
spectral values at two periods at a specified separation distance. These results may then be used

in evaluating the seismic risk of portfolios of structures with different fundamental periods.

Introduction
Quantifying ground-motion shaking over a spatially-distributed region rather than at just a

single site is of interest for a variety of applications relating to risk of infrastructure or portfolios
of properties. This requires information on the correlation between the ground-motion intensities
at different sites during a single event. Researchers have previously estimated the correlations

between residuals of spectral accelerations at the same spectral period at two different sites. But



there is little knowledge about cross-correlations between residuals of spectral accelerations at
different periods (or more generally between residuals of two different intensity measures) at two
different sites, which becomes important, for instance, when assessing the risk of a portfolio of
buildings with different fundamental periods.

This research relies on the general framework of ground-motion models (e.g., Boore and
Atkinson 2008, Abrahamson and Silva 2008, Chiou and Youngs 2008, Campbell and Bozorgnia

2008), that are defined as follows: for an earthquake ; at a site i,

InY, =InY, +o,¢, +77, (1)

where Y, refers to the ground-motion parameter of interest (e.g. S, (T) the spectral acceleration

at period T); Z/.denotes the predicted (by the ground-motion model) median ground-motion

intensity, a function of various parameters such as magnitude, distance, period and local-site

conditions; ¢, refers to the intra-event residual, a random variable of mean zero and unit standard
deviation; and 7, denotes the inter-event residual, also a random variable of mean zero and unit
standard deviation. The standard deviations o,;and 7z, are included in the ground-motion model

prediction and depend on the spectral period of interest (in some models, they are also a function
of the earthquake magnitude and the distance of the site from the rupture). For a given

earthquake j, the inter-event residual 77, computed at any particular period is a constant across

all the sites.

Previous studies have established that a vector of spatially distributed intra-event
residuals g, :(glj,gzj,...,gw.) follows a multivariate normal distribution (Jayaram and Baker
2008). Consequently, one can fully define the &, by specifying their mean vector and the
covariance between all considered pairs. In our particular case, the mean vector of ¢; is 0 and
hence we only need to know the variance-covariance matrix: for a given earthquake ; ,

cov(e, &) ... cov(e,.E,)

3 (event j) = : : (2)

cov(gnj,gll.) cov(s 8n;)

!



where X, is the covariance between ¢,;, the residual at site k£ due to earthquake j, and ¢, , the

residual at site / due to earthquake ;.

Spatial modeling of earthquake intensities has been investigated in the past by various
researchers. For instance, the recent work of Foulser-Piggott and Stafford (2011) aims at

modeling the spatial correlation for Z =1, , the Arias intensity. The modeling of the spatial
correlation of the residuals of a single spectral acceleration period Z:Sa(T) has also been

addressed in previous contributions (e.g., Goda and Hong 2008, Jayaram and Baker 2009, Wang
and Takada 2005, Boore et al. 2003). Jayaram and Baker (2009) formulated a predictive equation
of the correlation coefficient as a function of the period of interest and the separation distance

between two considered sites. The present work will generalize the modeling to a multivariate

framework that accounts for several intensity measures {Zi =S,(T;)|i :1...n}, where less study

has been done.

This study will begin with a presentation of geostatistical concepts relevant to the spatial
modeling of correlations. The next section will describe the authors’ first attempt at using
empirical data to estimate these correlations, along with the encountered limitations and issues.
A technique also borrowed from geostatistics will then be introduced as an improved solution,
and predictive models for covariance and correlation will be derived using it. Finally, as Goda
and Hong (2008) proposed to use the single period result combined with a Markov-type
hypothesis to formulate a correlation model for the multi-period case, the authors will also
discuss the influence of such hypothesis in the last section, in comparison with the formulated

model.

Geostatistical modeling of correlations
Spatially distributed random variables are often described by a variogram, which is a very

popular tool in the geostatistics domain (Journel and Huijbregts 1978, Goovaerts 1997). The
variogram is a so-called two-point statistic that characterizes the spatial decorrelation or

dissimilarity. Its general formulation is given below for a pair of locations u,u':

()= (7(w) -2 (w)) ] ©



where Z (u) is a random variable representing the value of interest at location u, E[ ] denotes

the expectation, and y(u,u') is the variogram value.

Since one often does not possess several observations of a random variable at a given pair of

sites, the assumption of stationarity has to be made in order to evaluate Equation (3): one will

typically retain that the variogram does not depend on the site Iocations(u,u') but only on their

separation vector h=u-u'. Thus, for a stationary random variable Z, for instance Z =g(T),

the variogram is defined as follows:
1 2
y(h):zE[(Z(u+h)—Z(u)) | @)
where h represents a given separation vector. This variogram function can be empirically

estimated with:

- 1
7(h)= 2N (h)

Zﬁ?[z(ua +h)-Z(u,)] (5)

where ~ denotes an empirical value,u, a recording location from the data, and N'(h) the number

of pairs at separation vector h available in the data.
Previous studies have indicated that the correlation structure of residuals from ground motion
models was not dependent on the considered direction, and was therefore isotropic (Jayaram and

Baker 2009; Bazzurro and Luco 2004; Wang and Takada 2005; Goda and Hong 2008). This

translates in Equations (4) and (5) by simply “removing” all vector notations, so that /2 = |h|. It

should also be noted that in the practical computation of the variogram with Equation (5), it is
unlikely that two data points will be separated by the exact distance /. Therefore, a tolerance

parameter A will have to be considered such that for a given lag distance %, all the pairs of
points separated by a distance included in the interval [A—A, 2+ A] will contribute to the
evaluation of the empirical variogram ;A/(h) Figure 1 shows the isotropic variogram function

computed for data from the Northridge earthquake.

Furthermore, the covariance function can be defined as:



C(h) = COV(Z(u),Z(u +h)) = E[(Z(u)—m)(Z(u+h)—m)] (6)

where m is the mean of Z(u) (and is also equal to the mean of Z(u+ /) under the stationarity

hypothesis). This spatial covariance is directly related to the variogram function with:
C(h)=C(0)-y(h) (7)

Similarly, it can be noted that the correlation coefficient is defined as:

p(h)=% ®

Thus, variogram and covariance have “opposite” behaviors: the covariance is a measure of

spatial similarity between Z(u) and Z(u+#4). While one could conduct a covariance study on

either one of those functions, the variogram is often preferred in geostatistical practice, as it does

not require a prior estimation of the mean of the random field m .

In this research, the authors consider the cross-covariance structure of residuals of spectral
acceleration at multiple periods. This means that one needs to extend the previous definitions to

the multivariate case in order to estimate all spatial cross-correlation terms between

g(Tl.)and g(Tj), T #T,. First, the definition of the variogram can easily be generalized to the

multivariate case. Denoting two stationary random variables Z, = &(7; ) and Z, _g(T), one

defines their cross-variogram:
7ia () =2 B[ (2 (u 1)~ 2, (w))(Z, (w+ 1) Z, (w))] ©)

which may again be empirically evaluated with:

Z[( u, +h)-Z(u,))(Z,(u, +h)-Z,(u,))] (10)

712

Again, it should be noted that the previously explained definitions (9) and (10) are true only for

second order stationary random variables, meaning:



E[Z,(u)]=m, Viel,..,n and for all locations u
11
E[(Z,(u)-m)(Z,(u+h)=m,)|=C,(h) Vi,jel..,n and for all locations u, u+h( :

Equation (7) will extend in the multivariate case, by defining the isotropic variogram matrix
function I'(h):
711(h) 71;1(}1)

T(h)=[r,(n)]=| + . (12)
7n1(h) 7nn(h)

Similarly, one denotes the isotropic covariance matrix function C(h) as follows:
c(h)=[c,(n)]=| + . (13)

where C, (%) is the covariance function between Z =&(7;) and Zj:g(Tj). With these

notations, one obtains the following relationship:

C(h)=C(0)-T(h) (14)

These concepts will be the basis of the quantification of the spatial correlation between pairs of

various spectral accelerations, presented in the following sections.

Ground motion data
In this study, the authors used recorded ground-motion data from the Pacific Earthquake

Engineering Research (PEER) Center's NGA2 database
(http://peer.berkeley.edu/products/strong_ground_motion_db.html). Figure 2 shows plots of the
station locations for eight earthquakes which have been considered in this study (Table 1):
Northridge, Chi-Chi, Tottori, Niigata, Parkfield, Chuetsu, Iwate, EI Mayor Cucapah.



Table 1: The eight considered earthquakes in the spatial correlation study

Earthquake recordings from the NGA database

Name Location Year Magnitude  Number of recordings
Northridge California 1994 6.7 152
Chi-Chi Taiwan 1999 7.6 401
Tottori Japan 2000 6.6 235
Niigata Japan 2004 6.6 365
Parkfield California 2004 6.0 90
Chuetsu Japan 2007 6.8 403
Iwate Japan 2008 6.9 280
El Mayor Cucapah California 2010 7.2 154

Histograms of the number of pairs of stations with separation distance # in each earthquake,
to be used in the computation of the empirical variograms with Equation (10), are plotted on
Figure 3. The available data from the NGA library can also be plotted in terms of spectra as
described on Figure 4, where one can compare the median predictions at each site from the
attenuation model on the left with the actual observed spectra on the right. In this study, the
authors used the Boore and Atkinson ground motion prediction model (Boore and Atkinson
2008).

Direct variogram fit of empirical data
Fitting technique

Geostatistics literature recommends a manual fit of the variogram, warning against regression

methods that might misrepresent the actual information provided by the variogram (Journel and
Huijbregts 1978). Each estimated point of the variogram ;A/(h) is subject to an error inherent to

that point. This error will vary with the considered separation distance / , the extent of the region
used in the variogram calculation, etc. For these reasons, variogram fitting cannot be reduced to a
simple regression problem. However, given the quantity of data to be analyzed in the
multivariate case (we consider 9 periods and 8 earthquakes, resulting in 360 different
variograms), it appeared reasonable to develop an automated fitting algorithm to speed up the

process, as long as the result of the fit was consistent with independently obtained manual fits.



Not any function can be chosen to fit an empirical variogram. The covariance function,
directly related to the variogram through Equation (7), must be positive definite. This is due to

the fact that the variance of any linear combination of the covariance computed at p sites must
be non-negative; in other words, for any set of locations u, and any set of weights o, , the
covariance function must satisfy:

[ $0,2(0,) |- 33 00,01

a=1 p=1

ua—uﬂH)ZO (15)

where var( ) denotes the variance.

In practice, one models a variogram with a positive linear combination of admissible variogram
models. These standard models include, but are not limited to, the four following models. The

exponential model is defined as:

7(h) = S[l—exp (%}’ﬂ (16)

where ~ refers to the value from a model, S'is the sill and R is the range of the variogram. The

sill of a bounded variogram is equal to the variance of Z; for the exponential variogram, it

represents the value to which y (/) asymptotically converges as / tends to infinity. The range is

then defined as the separation distance # at which (k) is equal to 95% of the sill of the

exponential variogram. This means that the range represents the distance at which 95% of the
correlation is lost. The spherical model is defined as:

) S{z(ﬁj_z(ﬁﬂ itheR
y(h)= 2\R) 2\R (17)

S ifh>R

With this model, the sill S is attained at 2= R . The third common variogram model is the

y(h) = S{l—exp(iiﬁ H (18)

Gaussian model:




The sill and the range of the Gaussian variogram are defined as for the exponential variogram.
Finally, the nugget effect model is defined as:

0 ifh=0

19
S ifh>0 (19)

y(h) ={

This variogram induces a complete lack of correlation at non-zero separation distance, therefore
no range can be defined for the nugget effect. The first three variogram models are shown in
Figure 5. The entire correlation structure of the variables of study will be completely defined by

the variogram model, which itself depends only on the corresponding sills and ranges.

In this work, we first assumed that each cross-variogram y, associated with g(Tl.) and g(Tj)

can be modeled with an isotropic exponential function, such that:

y,(h)=38, {1— exp (‘R—%H (20)

where S, is the sill and R, the range. This choice is motivated by results obtained by

researchers in the past (e.g., Jayaram and Baker 2009; Wang and Takada 2005), who observed an
exponential decay of the correlation coefficient in the univariate case. Indeed, it can be shown
using Equations (7) and (8) that the variogram and the correlation coefficient are related as

follows:

7y (h)=p,;(0)=p, (h) (21)

thus, %y (h)= S, exp(—3h/R,.j). It can be noted that other functional forms for the correlation

coefficient have been proposed, such as the more general %(h) = exp(—ahﬁ ) by Goda and Hong

(2008), where « and g are constants (for g =1, this model is equivalent to the exponential

functional form). Boore et al. (2003) used a particular case of Goda and Hong’s model with
£=05.

Previous studies have proposed empirical equations to predict the sill (e.g., Baker and

Jayaram 2008; Abrahamson, Kammerer, and Gregor 2003; Baker and Cornell 2006; Inoue and



Cornell 1990), as it is equal to the correlation coefficient between ¢(7;) and g(T_/.) at the same
site (h=0):

S, =p;(0) (22)

Various methods were investigated in order to achieve a robust estimation of the sill, among

which can be cited: (i) a direct computation of pij(o) of the empirical data; (i7) calculating the

mode of the histogram of the variogram values themselves; (iii) a refinement of (i) using a

Gaussian kernel function. The last approach proved to be the most robust one, and it has been
retained in lieu of the predictive model. Indeed, when fitting a least squares regression, it is
critical to assess as correctly as possible the value of the sill, in order to achieve a correct

estimate of the range.

The empirical estimation of S with a kernel function relies on a discretization of the

observed variogram values, followed by a computation of a kernel weighted function:

¥,=0,y,=0.01,...,y, =0.0Li,..., y,p =1

« [ Go-n)

kernel (i) =) exp| — ., =100 km, & = constant (23)
k=1

o

S=y

i

s.t. max (kernel(i)) = kernel (i)

Variations of the constant o did not have a significant impact on the final result of the sill value.
In this study, a value of & =0.1 has been used.
Once S is accurately determined, the range can be derived using weighted least squares
regression. With the exponential variogram model, the problem can be linearized as follows:
R _3

y(h):SeXp(_—thzln}A/(h):ah+b with 1“7 R (24)
R b=InS

The regression algorithm will evaluate the weighted sum of squares, as a function of the range R :
k kT

wss(R)= Y o(h)[In7(h)-1n7 (1) | :Zhi{ln}(hk)—((%’jhk +InSﬂ2 (25)

10



where a)(hk) is a weighting function giving more importance to the smallest separation

distances (an inverse distance weighting has been used here, such that the weight on ;A/(hk) IS

equal to 1/ 4, ). The value of R yielding the minimum of this WSS will be retained as the range

of the experimental variogram.

Observed results

Figure 6 shows the result of the kernel fitting for the cross-variogram between 7, =1s and
T, =2.5s from the Northridge earthquake. The fitted variogram proves to be a good match with

the data while also representing a likely outcome of a manual fitting. The kernel fitting provides
accurate estimates of the sills (Figure 7) in agreement with Equation (22). Results for cross-
variograms between all periods are easily obtained with a similar approach and are shown in
Figure 8. However, numerical instabilities may be encountered with residuals having low
correlation, e.g. between &’s with very short and very long periods. These cross-variograms are
often just “noise” with an almost zero sill and lead to irrelevant estimates of the range due to a
non-convergence of the least squares regression. Thus, raw results of the direct variogram fit
have to be filtered, as shown in Figure 9. When filtering the results, the authors could observe
clusters of data in the range vs. sill plane, where the observations could be distinguished with
respect to the value of the corresponding period pairs. It appeared that cross-variograms for two

long periods (7; >1s,7, >1s) have a higher range of around 50 km, while they show a shorter
range of approximately 25 km for two short periods (7, <1s,7, <1s ). The presence of two

structures of different range is indicated in Figure 10 to Figure 12, which show both short and
long range components.

The 1999 Chi-Chi earthquake provides many recordings (Figure 2) and thus is one of the
most useful events for this study. The direct variogram fitting technique provides adequate
representation of the data as can be seen on Figure 13. The results did not show two different
spatial structures as it was the case for the Northridge earthquake, but longer variogram ranges
were noticed in average, meaning that the correlation between spectral accelerations generally
holds for longer distances.

11



Similar work has been done for the aforementioned six other earthquakes. The same quality
of fit could be observed, although the empirical variograms did not demonstrate such a clear
exponential trend in some cases, possibly due to the relative lack of data (e.g., for Parkfield and
El Mayor). While a simple average of the sills and ranges over all earthquakes may be proposed
for the development of a predictive model, some limitations persist as to the exploitation of these

results for the formulation of the covariance matrix.

Limitations

The direct variogram fit developed in this study proved to be a useful tool to evaluate the
spatial correlation of our empirical data. One may very well use these results to estimate any
correlation coefficient between spectral acceleration at two different periods at two different sites.
However, a more general objective of this study was to formulate a predictive model for the
covariance matrix of a given set of & ’s, based on these estimations. When attempting to compute
such a model, one only needs the specification of the variogram matrix I computed before (see
Equation (14)).

However, for C to be an acceptable covariance matrix, the same condition of positive
definiteness as in the univariate case (see Equation (15)) must be satisfied: the variance of any

weighted linear combination of » variables at p sites must be non-negative. This results in the

following requirement for the multivariate case (Wackernagel 1995):

[ 3350/,(u,) |- 335 ol

i=1 a=1 i=1l j=1 a=1 p=1

ua—uﬂH)ZO (26)

where @], is the weight associated with the value of Z, at location u, . Unfortunately, the direct

variogram fitting approach described above takes no such constraint into account when
evaluating empirical sills and ranges, and thus will not lead to a positive definite covariance
matrix in most cases. It is possible to “fix” this matrix by merely changing its eigenvalues to
make it positive definite. In practice, this is achieved by performing an eigenvalue

decomposition of C, such that:

C=QAQ" (27)

12



where each column of Q is the eigenvector q, of C and A is the diagonal matrix whose
diagonal elements are the corresponding eigenvalues, i.e., A, =4 . We then modify the

eigenvalue matrix A into A" by changing the negative coefficients to 0 (see section 6.2 from
Jéackel 2002):

4, if1 >0
+ — 1 (28)

"0 ifA <0

Finally, A" is recombined with the eigenvector matrix Q to obtain the positive definite matrix
C:
C"'=QAQ™ (29)

The authors have observed that very little changes need to be made to the fitted covariance

matrix in order to transform it into a positive definite one (i.e., C* = C).

While modifying the eigenvalues is relatively easy to do, it does not allow much control on
how much the covariance matrix will be changed. It also makes it difficult to access the “new”
actual values of the ranges of the different cross-variograms. Other approaches have been
established to generate admissible covariance models. One involves the computation of cross-

covariance terms from convolution integrals of the direct covariances (Majumdar and Gelfand

2007) such that Cii(h)zj[zpi(u)pj (u+h)du. The integrals can then be evaluated by using

polar coordinates and Monte-Carlo integration. Although this approach will lead to valid models,
it makes it quite difficult to fit the cross-covariance coefficients to empirical data.
A sufficient solution to remedy the problem of positive definiteness is to impose a single

range for all direct and cross-variograms. The covariance matrix function will become:

C(h)=p(h)-C(0) (30)

where p(h) is a scalar function accounting for the loss of correlation with increasing distance

(for instance in the present case, p(h)=exp(—3#/R)). This formulation of the covariance

matrix function is called the separable model (Banerjee, Gelfand, and Carlin 2004). For the full

covariance matrix to be positive definite in this case, one has only to ensure that the covariance

matrix at a single site C(0) is positive definite. This is a much simpler task than ensuring the

13



full covariance of size the number of periods » times the number of sites p to be positive
definite, since C(O) is only of size nxn. Unfortunately, fitting a single range to the data is not

possible, as it does not reflect the underlying structures discovered in this section. The next
section will introduce an extension of this separable model that can incorporate more than one

range.

The Linear Model of Coregionalization
While fitting independently each empirical variogram may not provide an admissible

correlation model, it does give some insight into the spatial characteristics of the considered
variables. From the direct variogram fit developed for the Northridge earthquake, we noticed
very clear contributions of two different ranges: a short range component acting on small periods
and a large range component acting on longer periods. To take the effect of multiple spatial
scales into account, a more global model was proposed, which models all variables as linear

combinations of the same basic structural components. Analytically, for a given set of » random

variables(Z,,Z,,...,Z,):

L
=Z al.[kYkl (u)+mi Vi=1..n (31)
=0

=0 k=1
with
. E[z ]

o E[Y/(u)]=0 Vk!

m,;

. cov(Y,f(u),Ykl-'(quh)):{g(h) ;zh/;;vlicseandl_l

(Journel and Huijbregts 1978). This is the so-called linear model of coregionalization. This
model has become a widely used tool in multivariate geostatistics. The decomposition of the
random field into independent components Y’ yields to the following formulation of the

variogram matrix (in the isotropic case):

14



F(h):iBlgl(h) (32)

where B’ are the coregionalization matrices, g’ (k) are the spatial components to be chosen a

priori by the user, and only need to be taken from the admissible variogram functions listed in
Equations (16) to (20). One can note that the case of L =0 corresponds to the separable model

previously explained. The coregionalization matrices can be interpreted as specific contribution

to the sill or variance of each structure g’(%) . It can be shown that in order to ensure the positive

definiteness of the covariance matrix, one only needs to provide positive definite B' matrices.

This is a much simpler task than trying to directly define a np by np covariance matrix.

Fitting technique

Goulard and Voltz (1992) proposed an automated algorithm to fit a Linear Model of
Coregionalization (LMC) in a positive definite manner. Its objective is to minimize the weighted
sum of squares comparable to the one presented in Equation (25):

K_ N, N, V. h, —Al.j h, i
Wsszg;;;w(hk)-[y”( )(Z( )] (33)

where }i/(hk) denotes the value of the variogram model, 7, (%) is the actual variogram

empirical value, (%, )the weight at lag %, , &, the observed standard deviation of Z,. The

WSS is simply a weighted sum of the standardized squared errors between the empirical
variogram and the model, over all periods and all discrete separation distances. The Goulard
algorithm has become popular in multivariate geostatistics involving coregionalization studies,
as it provides a fast and elegant way to fit all crossvariograms while ensuring the positive

definiteness of the resulting covariance matrix.

The Goulard algorithm is executed as follows:

1. Initialize the L +1coregionalization matrices B’ with any values.

15



. Take out one of the L+1 variogram models (g" (%)), compute the difference between

the initial empirical model and the LMC deprived of the /, ™ structure:

AT (h) =T (h)-Y B¢’ (1) (34)

. Compute the symmetric matrix:

G =

1()

o(h.)-A,T(h,)-g"(h) (35)

K
=)
. Obtain the spectral decomposition of G, :Q,ﬂA,OQZ. Set all negative eigenvalues to 0
by forming: G; = QIOA;QZ where A; is A with all the negative diagonal terms changed
to O (this is similar to what was discussed in Equations (27) to (29)).

. Compute the new coregionalization matrix corresponding to the /; ™ structure:

. G’
B" = £ (36)

K
=

> o(h)[g" (k)]

1

Increment [, <— [, +1 (/, <~ 0 if [, > L) and loop over steps 2 to 5 until WSS is smaller

than a user-specified threshold.

This algorithm is equivalent to fitting one structure at the time to the empirical data, while

ensuring positive definiteness of each coregionalization matrix at step 4. The procedure is not

guaranteed to converge in theory, but the experience has shown that the algorithm almost always

converges whatever the initial choice of the coregionalization matrices at step 1 (Goovaerts

1997). The authors were able to confirm this experience with the ground motion data considered

The first step in fitting a coregionalization model is to choose a set of basic structures

g’ (h) among the admissible functions described in the previous section. At this point, insights

16



from the earlier direct variogram fits become more useful to identify which structures should be
included in the model. While one could think of considering a nested model composed of all the
different exponential functions previously fitted for each period pair, it is better to minimize the
number of structures to simplify both calculation and further interpretation. Thus, the authors
propose to keep one short range exponential function of (20 kilometers) and one long range
exponential function (70 kilometers), so that the variogram matrix function can be expressed as:

I(h)=B" [1—exp(_2—?gljj+B2[l—exp(_7—?gZD (37)

This choice is motivated by the observations obtained from the direct variogram fit, where two
distinct ranges emerged from the overall fit of all cross-covariance terms. The values of 20 and
70 km were picked based on the analysis of the 8 studied earthquakes, in order for all variogram
ranges to fall approximately within these boundaries while ensuring an adequate fit at small

separation distances. The retained weighting was the same as for the direct variogram fitting,

such that (%, )=1/h, .

Northridge

We present here the fitting of an LMC to the empirical variograms previously examined. We
observe that the coregionalization model matches quite well with the observed data. However,
we noted a relatively high value of the WSS compared to the other earthquakes. This is mainly
explained by the noise in the empirical variograms, which can be observed for instance on the
bottom-right plot of Figure 14. The reason for this noise is the lack of enough available data at
high periods (7 > 3s ). Nevertheless, it should be noted that the WSS cannot be considered as an
absolute measure of the goodness of fit of a coregionalization model for a variety of reasons
(Goovaerts 1997). Indeed, from Equation (33), it can be seen that the WSS directly depends on
the number of considered lags K, such that the linear model that yields the smallest WSS for a
given K might not necessarily minimize WSS for a different K'. Also, a small WSS value may
be artificially obtained by sacrificing the goodness of fit of the direct variograms (relative to a
single period) to the fit of the cross-variograms. All results have to be checked visually in order
to ensure an acceptable model. As mentioned before, one desires the best fit at the smaller

separation distances, which is what is observed for the particular cross-variogram of Figure 15.
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On this plot of the cross-variogram between &(1s)and &(2s)for the Northridge earthquake, one

obtains a very good fit for distances smaller than 50 km, while the larger distances show much
more noise in the empirical variogram and a poorer fit. However, the weighted fitting is not
sensitive to these large distance values and so provides a robust estimation of the data at short
distances.

The shape of the coregionalization matrices over the different period pairs are shown on

Figure 16. The plots demonstrate that the short range matrix B' makes a larger contribution to

the variogram at small periods, while the long range matrix B> has a more significant impact on

large periods. This result is in agreement with the observations made in the direct variogram fit.

Chi-Chi

Direct variogram fit of the Chi-Chi earthquake residuals showed a more unique spatial
behavior, in a sense that the authors could not identify two structures as clearly as with the
Northridge earthquake. However, Figure 17 shows that the same linear coregionalization model
used with the Northridge data still provided very accurate fits of every variogram, mainly
because the observed ranges in the direct variogram fit were also within 20 to 70 kilometers.
Furthermore, the obtained WSS is dramatically lower than for the Northridge earthquake data,
due to the availability of many more data at high periods, thus reducing the variability of the
empirical variograms. Once again, it is important to check the accuracy of the fitting for each
variogram, especially at small distances. Figure 18 shows the particular fitting of the cross-
variogram between 1s and 2s, where one observes that the coregionalization model provides a

particularly good fit of the empirical data, particularly at distances of less than 50 km.

Other earthquakes

Other earthquakes were investigated, although they did not provide as much data as the Chi-
Chi recordings. Still, the linear model of coregionalization lead once again to acceptable results
as far as the quality of the fit is concerned. Figure 19 and Figure 20 show the 3D plots of the
coregionalization matrices obtained for each earthquake. It can be observed that the shapes of the
matrices look quite similar from earthquake to earthquake, except for the high periods of the
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Northridge earthquake (7 > 3s), due to the relative insufficiency of the data. Note also that the
lack of systematically differing patterns between these cases suggests that this data set does not
provide evidence to build a model that varies by region, or by earthquake magnitude. This lack
of observed variation is not proof that no such trends exist, but rather that if they exist they are
subtle enough that they cannot be detected using currently available earthquake strong motion
data. The individual fits for each event provide useful results that will be incorporated in the

proposed predictive equation.

Consistency

The empirical covariance matrix functions developed for the Chi-Chi earthquake were then
used to generate ¢ data via Monte-Carlo simulations at the locations of the recordings from the
same Chi-Chi earthquake. From the simulated &, another model of coregionalization was fit, and
compared to the model of coregionalization which the empirical covariance was based on. Figure
21 shows the surface plots of the difference between the initial coregionalization matrices and

the ones fitted to the generated data:
SR 1 1
{Alj = Binitial,ij - Bfltted,zj

A;R =B? -B2

initial,ij fitted,ij

(38)

Very little differences were observed (i.e. A*® and A™ are both close to 0), which indicates the

robustness and unbiasedness of the method.

Observations

Extending the simple framework of the separable model, the linear model of
coregionalization proved to be a reliable technique to fit many cross-covariances at once. The
Goulard algorithm is both fast and easy to use, as it does not require any other input than the

empirical variograms and the set of basic structures g’ (%) . The goodness of fit obtained with this

new method is somewhat comparable to the results from the direct variogram fitting from the
authors’ previous work. While one could derive correlation estimates from the former method,

the linear model of coregionalization also provides an admissible model for simulation purposes.
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(the positive definiteness of the full covariance matrix is ensured as long as each

coregionalization matrix B'is positive definite).

The next step of this study will be to use the fitted coregionalization models to build a

predictive equation for the covariance matrix function, C(h), and the matrix of correlation

coefficients at lag 2, R ().

Formulation of a predictive model
From all investigated earthquake data, the authors propose a model to predict the covariance

matrix function C(4) from a sampling of nine periods ranging from 0 to 10 seconds, by
averaging all the fitted coregionalization matrices over the various earthquakes (Figure 22).

One can extract any subsample of periods and use the corresponding coregionalization sub-
matrices for simulation purposes. In the case one might want to consider an extra period that
does not belong to the proposed sample, linear interpolation between periods can be used as long
as the positive definiteness of the resulting coregionalization matrices is verified. If the resulting
coregionalization matrix is not positive definite, then setting the eigenvalues of the non-positive
definite matrix to O will lead to an admissible model (see procedure described in Equations (27)
to (29)).

The variogram matrix function is first modeled using Equation (37) with the

coregionalization matrices B* and B®. The covariance matrix function C(h) can be obtained
from the variogram matrix with Equation (14) by noting that:

C(0)=limI'(h)=B"+B’ (39)

which yields the following simple formulation:

C(h)=B"exp (_Z—SZLj+B2 exp (%} (40)

The authors report the B’ matrices in Table 2 and Table 3 below, for a set of nine sampling

periods.
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Table 2: Short range coregionalization matrix, B'

Bl
Period PGA 01 02 05 1 2 5 7.5 10
PGA 054

0.1 0.47 0.55

0.2 046 041 0.56 sym.

0.5 034 022 028 0.54

1 0.19 0.08 0.10 0.33 0.46

2 009 001 002 017 029 044

5 0.04 000 -001 009 0.17 030 044

7.5 0.05 0.02 -0.01 009 0.17 0.28 040 0.46

10 006 0.04 002 007 012 023 034 038 0.37

Table 3: Long range coregionalization matrix, B’

B?
Period PGA 0.1 02 05 1 2 5 7.5 10
PGA 0.30

0.1 0.25 0.28

0.2 0.26 0.23 0.29 sym.

0.5 023 014 023 0.32

1 0.16 0.06 013 0.26 0.36

2 0.10 0.01 0.07 021 032 0.39

5 0.07 000 0.02 015 021 029 041

7.5 006 -0.01 0.01 013 018 026 039 045

10 005 -0.02 000 014 021 030 041 047 058

Predictive model for the correlation coefficient
It is straightforward to obtain the corresponding matrix of correlation coefficients at lag 7,

also called correlogram matrix, denoted by:

pll(h) - Py (h)
R(h):[pz/(h)}: : - :

. : (41)
Pnl(h) " P (h)

While the correlation coefficient is the most commonly used in practice, there exist various other
coefficients measuring spatial linear dependency between random variables such as the
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codispersion coefficient or the structural correlation coefficient (Goovaerts 1992). One can show
that this correlogram matrix has the following formulation:

R(h)=P'exp [_2—?) +P?exp (_7—30hj (42)

where the P'and P? matrices are standardized versions of the B' and B* matrices, such that:
!
B;

(VB +B§)><(,/B§,j B )

This result is simply obtained by dividing the covariance matrix coefficients by the product of

1
P/ = 1=1,2 (43)

the standard deviations at the two considered periods, since:
o, =4/C,(0) =B; +B; (44)

The authors report the P’ matrices in Table 4 and Table 5 below, for a set of 9 sampling periods.

Table 4: Short range standardized coregionalization matrix, P*

Pl
Period PGA 01 02 05 1 2 5 7.5 10
PGA 0.64

0.1 0.57 0.66

0.2 054 049 0.66 sym.

0.5 040 0.26 0.33 0.63

1 023 010 012 0.39 0.56

011 001 0.02 020 036 0.53

5 0.05 001 -0.01 010 020 0.35 0.52

7.5 0.05 002 -001 010 019 032 046 0.51

10 0.07 005 0.02 008 014 026 038 041 0.39

N
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Table 5: Long range standardized coregionalization matrix, P’

P2
Period PGA 0.1 0.2 0.5 1 2 5 7.5 10
PGA 0.36

0.1 030 0.34

0.2 031 0.27 034 sym.

0.5 027 0.17 0.27 0.37

1 019 008 016 031 044

2 0.12 0.01 0.08 025 038 047

5 0.08 000 003 017 025 035 048

7.5 0.06 -0.01 002 015 021 030 045 049

10 0.05 -0.08 000 015 024 033 046 051 0.61

Example: Suppose one intends to quantify the correlation coefficient between In S, (1s) at site A
and In S, (2s) at site B in a given earthquake, where sites A and B are separated by a distance of

h=15 kilometers. One reads in Table 4 and Table 5 that P, =0.36 and P’ =0.38, and

substitutes these values in Equation (42) to obtain:

Pr (15) = 0.36exp ( _327)15j +0.38exp ( _37;15j ~0.24 (45)

This calculation is clearly rather simple, indicating that while the calibration of the model was

quite complex, it is very easy to apply.

Case study: an evaluation of the Markov-type screening hypothesis
In this section, the authors present an application of the use of the proposed covariance model.

While showing the general principles of the construction of the spatial covariance matrix, this
study will also evaluate the impact of accounting for different sets of other ground motion
intensities (e.g. spectral accelerations at different sites or different periods) in the variance of the
final prediction of one ground motion intensity at a given site.

Models that involve conditioning on a smaller set of variables rather than the full considered
set are called Markov models. Journel (1999) introduced a Markov-type model to be used in the

joint modeling of two random variables Z, and Z,, considering the “screening” hypothesis

stated as follows:
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E[Z,(u)|Z,(u); Z,(u+h)]|=E| Z,(u)| Z,(u)] (46)

In words, this hypothesis assumes that the dependence of the variable Z, on the primary variable
Z, is limited to the co-located primary variable. In practice, Z, would have a larger correlation
range than Z,. Under this hypothesis, the spatial correlation between the two can be shown equal

to:
Pr2 (h):plZ (0)'/01(h) (47)

Goda and Hong (2008) proposed such a model to characterize the spatial correlation between
spectral accelerations at different periods (Z, =InS,(7;),Z,=InS,(7,), with 7, > T,). This is
consistent with the definition of the primary variable above, since the authors often observed
larger correlation ranges for higher periods. In the following, the authors evaluate the accuracy of
this screening hypothesis by comparing predictions from the Markov dependence model to

corresponding predictions from the full linear model of coregionalization derived above.

Accuracy of the Markov approximations

The model presented in Equation (47) is examined in this section. Figure 23 shows a
comparison of the correlation coefficients obtained from the full linear model of
coregionalization and from the Markov model of case 2 (Equation (47)), at 7, =2sand 7, =1s.
The latter model can be considered as a “reduced” coregionalization model, because it is still
based on the previously developed LMC, but only one of the periods is involved in the spatial
decaying part. Also plotted is the case 7, =1sand 7, = 2s, for which one observes a slightly
greater difference with the full LMC: this confirms that the primary period should generally be
the larger one. One observes a very good match between the two approaches over all separation
distances. While it provides a simpler way to estimate spatial correlation, this relative result
should be put into perspective, as it still relies on the developed coregionalization model.
However, as can be seen on Figure 24, this Markov approximation is not as good for periods

more spread apart (plotted are the cross-correlations corresponding to 7, =2sand 7, =0.2s). In

such a case, using the full coregionalization model is the better option.
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Precision of the Markov approximations

While the accuracy of a Markov-type approximation was just discussed, it is also important
to study the resulting variance of such estimation. The first case considered here is the situation
where one observes spectral accelerations at various periods but at one site, and wants to predict

the spectral acceleration at a single period at another site. In other words, one desires to know

£qen (T*) conditioned on the observations {z, (73 ), &gen (7)1 &qer (T,)} - A problem
of interest is how var| g4 n (T*)| £gee (T%)] compares

tovar| & a (T*)] &ien (1)1 Een (T*) oo Eger (7,) ], Which is actually the evaluation of the

amount of extra information brought by incorporating additional conditioning periods at a remote

site to assess the primary residual of interest. It can be theoretically shown that accounting for

multiple conditioning periods rather that a single one will reduce the variance of 8siteA(T*)’

thereby resulting in an increase in the accuracy of the intensity estimates (Goovaerts 1997). Due
to the multivariate normal distribution of a vector of spatially distributed epsilons, one can easily

compute the presented conditional variances; denoting ¢, the set of residuals to be predicted,

conditioned on the set of residuals €, , one can express their joint distribution as follows:

where N(u,):) is a multivariate normal distribution with mean vector p and covariance matrix

Y. The covariance matrix is obtained using a spatial correlation model described earlier. Given

this model for the joint distribution, the distribution of €, conditional on ¢, is obtained as follows:

g g, ~ N(lez-zlze'zn _2122-212221) (49)

where e is the vector of observed values of €, at the recording stations. As a further application,

the expected ground motion intensities at all sites are then obtained by combining the median

intensities with the expected value of the residuals obtained from Equation (49). Denoting / the
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separation distance between site A and site B, one can form the covariance matrices of interest to

evaluate var| £, 5 (T*)| &5 (T*) ] = Eyy — L, EB Ty, With:

{z" =X, =[C,(0)]

Z12 = Z“21 = [Css (h)] (50)

with Css(h) the covariance matrix coefficient corresponding to the period 7*. Similarly, in

order to estimate Var| &g, (7*)| &es (7)o Egen (T*) 1 Egee (T,) ]+ the corresponding

submatrices will be:

11 (O Cls (O) Cln (0)
E22 = | Css (O) CSH.(O) (51)
sym. ' :
Cnn (O)

£, =28 = [Cy (1) Gy (B),n Gy, ()]

Figure 25 shows a plot of the relative variance reduction ., , for different choices of the primary

ase 1

period T'*, over a varying separation distance 4 :

r _ Varl:gsiteA(T*)lgsiteB(];.)""'gsiteB(T*)""'gsiteB(n)]_varl:gsiteA(T*)lgsiteB(T*):I
. Varl:gsiteA(T*):I_Var[gsiteA(T*)lgsiteB(T*):I

(52)

with T'* chosen among the sample [0.1,0.2,0.5,1,2,5,7.5,10], and 7, to T, the remaining

periods of that sample. One observes that 7, , is equal to zero at 2 =0, since site A and site B

ase 1

are at the same location, and the two variances from the numerator are equal to 0. Also

! ]/;:ase 1

tends to 0 as /4 tends to infinity, because the conditional set of observations at a far away site
does not bring any information about the residual at the primary site. Overall, little variance
reduction (around 2 to 3%) is achieved when incorporating multiple periods in the conditional set
of observations, supporting the reasonableness of a screening hypothesis in the joint modeling of

spectral accelerations.
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A second case, directly derived from Equation (46), was investigated in a similar manner. Its
accuracy has been evaluated in the previous section (Figure 23 and Figure 24). The problem is

now to predict the residual &4, (7;) conditioned on the residual at the same site but at a
different period £, , (7, ), and then to quantify the variance reduction generated by considering
the residual at the conditioning period and at a remote site &, (7, ). Equation (49) still applies,
one will estimate Var| &, » (1) £gen (%) ] = iy — EpZpE,, With:

+=[€a(0)]

[ (0] (53)
a [C (0)]

MMM
II II

with C,, (0) the covariance matrix coefficient corresponding to the periods 7; and 7, . Similarly,

one can compute Var| &, a (7)) £gen (T3): €gee (T,)] » denoting /2 the separation distance

between site A and site B:

b‘

(O C,, )
(1) Ca oJ 9

=[C,(0) Cy(h)]

i

A plot of the relative variance reduction r

for different choices of the primary period 7] is

case 2

shown on Figure 26:

var |:€siteA (]1) | gsiteA (T?_) sneB :|_ Varl:gsiteA (Tl) | gsiteA (TZ ):|

55
Varl:gsiteA ]1 ] var [ESIteA ) | Esite A (T2 )] ( )

rcase 2=

T, was selected among the list of periods [0.1,0.2,0.5,1,2,5,7.5,10], and 7, was chosen as the
closest inferior period to 7;in that same set (for the first period of the set 7, =0.1s, 7, =0.01s

was considered). Again, 7., has the same properties as r._,as 4 tends to 0 and to infinity.

case 2 case 1

Even less variance reduction is achieved as compared to the previously investigated case
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(7m0, U 7oae1), Which means that the estimation variance is not affected by the incorporation of

the extra information &,

(T,). This corroborates the screening hypothesis from Equation (46).

Summary
This research has investigated various techniques to model the spatial correlation of spectral

accelerations at multiple periods. Quantifying this correlation was done with geostatistical tools
involving variogram modeling, a common measure of spatial dissimilarity. Ground motions
recordings from eight different earthquakes (Northridge, Chi-Chi, Tottori, Niigata, Parkfield,
Chuetsu, Iwate, EI Mayor Cucapah) were used to compute empirical variograms of spectral
acceleration residuals at different periods.

The authors’ first focus was to fit independently each cross-variogram with an exponential
function fully characterized by a sill (asymptotical value of the variogram) and a range (distance
at which correlation is effectively zero), which provided relevant insight of the data. An
automated least squares algorithm was developed, with a robust estimation of the sill using a
kernel method. This approach allows evaluating a correlation coefficient between spectral
accelerations at different periods and at different sites.

This first result is informative, but is not compatible with the generation of simulated ground
motion maps, which requires a positive definite covariance matrix. Based on the direct fit results,
two underlying structures were identified (short- and long-range functions both accounting for
the spatial decaying of the correlation as distance increases) that became input of a linear model
of coregionalization, equivalent to the modeling of each cross-variogram with a linear
combination of those same two exponential functions. Extending the simple framework of the
separable model (in which only one range is used for all cross-variograms), the linear model of
coregionalization proved to be a reliable technique to fit many cross-covariances at once. The
Goulard algorithm, involved in the automated fitting of the model, is both fast and easy to use, as

it does not require any other input than the empirical variograms and the set of basic
structures g’ () . The goodness of fit obtained with this new method is somewhat comparable to

the results from the direct variogram fitting from the authors’ previous work. This allowed

generating a new admissible covariance model applicable for ground motion simulation purposes.
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Using this model, the correlation coefficient between any pair of spectral accelerations at
different periods and at different sites may also be easily retrieved as shown in a simple example.

The robustness of the model calibration approach was evaluated using a novel approach, by
simulating a synthetic set of ground motion data from the estimated cross-variogram model, and
attempting to re-estimate the model from the synthetic data. The estimated cross-variograms
obtained from the synthetic data were very similar to the cross-variogram model, indicating that
the algorithm is able to accurately detect spatial correlation features from observed ground
motions.

The developed covariance model was then used, to examine the validity of a Markovian
screening hypothesis in the case of ground motion residuals. After investigating two different
Markov models, the authors focused on the one formulating the cross-correlation coefficient as a
product of the cross-correlation at a single site times the spatial correlation coefficient of the
highest period. This approach proved to be compatible with the developed coregionalization
model, and can therefore be considered as a possible simplification of the full linear model of
coregionalization, as long as the two considered periods are relatively close to one another.

Even though the calibration of this model and investigation of its implications were
somewhat complex, it should be emphasized that the model is very simple to use for making
correlation predictions. A user of this model only needs to evaluate Equation (42), with the
needed coefficients from Table 4 and Table 5, to compute a correlation coefficient for spectral
values at two periods at a specified separation distance. While this model is more general than
most previous models that considered only single-period correlations or used a Markov-type
assumption to compute multi-period correlations, the model proposed here is not significantly
more complex to use than those earlier models, and so should be a useful resource for those

interested in predicting correlations of spectral values at differing locations and periods.
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Figure 1: Empirical variogram and fitted exponential model of the normalized residuals (& ) from the Northridge
earthquake data, at T;=T,=1s.

33



a) Northridge
36°N
35°N o8 |

) . . w®

S . <

= 34°N ° .

g e . |
33°N I
320

155°vv 120°w  118°w  116°wW  114°w
C) Tottori
37°N
36°N °t

(]

ke

2 35°N

B
34°N
33°

f§o°E 132°E 134°E 136°E 138°E
e) Parkfield
on 1
38°N I

2 37°N o . |

2

kS 36°N| ’ ’h |
35°NI ’ I

124°w  122°w  120°Ww  118°w
a) lwate
41°N
40°N
(]
g o O
£ 39°N
ki R 2
Rt
38°N TN
RS
370N (0] (o] (o] _0
138°E  140°E  142°E  144°E
longitude

b)

25°N
24°N
23°N

22°N

118°E

d)

120°E 122°E

Niigata

124°E

39N
38°N
37°N

36°N

136°E

f)

138°E  140°E 142°E

Chuetsu

39°N
38°N
37°N

36°N

0 -t
REHT

136°E

h

138°E 140°E

El Mayor Cucapah

142°E

35°N
34°N
33°N

32°N

1°N
3 120°W

116°W  114°wW

longitude

118°wW

Figure 2: Locations of recordings from the eight considered earthquakes.
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Figure 3: Histogram of the number of station pairs per separation distance for the eight considered earthquakes.
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Figure 4: Northridge earthquake median predictions (left) and observations (right). Each thin line represents the
median prediction (resp. observation) at a given site available in the Northridge earthquake recordings. The red thick
line is the median of all predictions (resp. observations).

36



spherical
exponential
e | = gaussian
o S
0.7 // F
/"/
/
0.6 /
/
I/
< osf ,
> /
/
7
/
0.4F /
/
s
I,
0.3r /
s
l/
0.2t /
/
I/
0.1 S
l/
O ”” L L L L L L I
0 10 20 30 n o . oy

< >

range

sill

Figure 5: Spherical, exponential and Gaussian variograms with .S = 0.8 and R =45 . For the spherical model, the
range represents the distance at which 100% of the correlation is lost, whereas for the Gaussian and exponential

variograms, it represents the distance at which 95% of the correlation is lost

37



15

Empirical variogram

Exponential model
----- Gaussian kernel
\
\
\
\
\‘ .
\
\‘ .
\
\
1r \
\
\
\
\

s
.

[y . M .
\ L4 . .
— \‘ .
= \ . .
= 1 ee® o . .
> 1 . . .
1 .
i . .
| .« s
} .
; .
1 .
! .
7
J “ee
05 !
/
7 .
7
¥ .
4 .
f
° d
5
. 1
f
/
]
{
1
!
;
1
0 I L L L L L L L L L
0 10 20 30 40 50 60 70 80
h (km)

90 1(50
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Figure 8: Direct cross-variogram fits for six pairs of periods from the Northridge earthquake data.
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Figure 9: Sills and ranges for fitted cross-variograms from the Northridge earthquake data (105 periods were
considered). The fitted data at the left of the dashed line will not be taken into account.
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Figure 11: Contour plot of the filtered ranges of the cross-variograms from the Northridge earthquake data (105
periods were considered).
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Figure 13: Direct cross-variogram fits for six pairs of periods from the Chi-Chi earthquake data.
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Figure 14: Northridge earthquake cross-variograms obtained using the Linear Model of Coregionalization.
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Figure 15: Northridge earthquake cross-variogram obtained using the Linear Model of Coregionalization for T;=1s

and T,=2s.
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Figure 16: Coregionalization matrices obtained using the Northridge earthquake data. On the left, the short range
coregionalization matrix B'; on the right, the long range coregionalization matrix B2.
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Figure 17: Chi-Chi earthquake cross-variograms obtained using the Linear Model of Coregionalization.
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Figure 18: Chi-Chi earthquake cross-variogram obtained using the Linear Model of Coregionalization for T;=1 s and
T2:2 S.
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Figure 19: Short range coregionalization matrices for the eight investigated earthquakes, B'.
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Figure 20: Long range coregionalization matrices for the eight investigated earthquakes, B*.
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Figure 21: Each row represents a different realization of the differences between back-fitting of simulated epsilons
using the covariance model ( a) Simulation 1, ASR; b) Simulation 1, A"%; ¢) Simulation 2, ASR: d) Simulation 2, A'®).
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Figure 22: Average over the various earthquakes of the short range B! (left) and long range B (right)
coregionalization matrices
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Figure 23: Comparison between the correlation coefficient obtained with the full linear model of coregionalization
and the one computed from the reduced Markov-type model (1s and 2s)
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Figure 24: Comparison between the correlation coefficient obtained with the full linear model of coregionalization
and the one computed from the reduced Markov-type model (2s and 0.2s)
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Figure 25: Fractional reduction in variance obtained by considering additional spectral periods at a remote site when
computing the variance at a given site of interest (case 1)
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Figure 26: Fractional reduction in variance obtained by considering an additional site when computing the variance
at a given site of interest (case 2)
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