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Spectral shape, epsilon and record selection
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SUMMARY

Selection of earthquake ground motions is considered with the goal of accurately estimating the response
of a structure at a speci�ed ground motion intensity, as measured by spectral acceleration at the �rst-
mode period of the structure, Sa(T1). Consideration is given to the magnitude, distance and epsilon (�)
values of ground motions. First, it is seen that selecting records based on their � values is more e�ective
than selecting records based on magnitude and distance. Second, a method is discussed for �nding the
conditional response spectrum of a ground motion, given a level of Sa(T1) and its associated mean
(disaggregation-based) causal magnitude, distance and � value. Records can then be selected to match
the mean of this target spectrum, and the same bene�ts are achieved as when records are selected based
on �. This mean target spectrum di�ers from a Uniform Hazard Spectrum, and it is argued that this new
spectrum is a more appropriate target for record selection. When properly selecting records based on
either spectral shape or �, the reductions in bias and variance of resulting structural response estimates
are comparable to the reductions achieved by using a vector-valued measure of earthquake intensity.
Copyright ? 2006 John Wiley & Sons, Ltd.
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INTRODUCTION

Selection of recorded earthquake ground motions is an important consideration when assess-
ment of structures is based on dynamic analysis. Careful ground motion selection can achieve
the same reduction in bias and variance of structural response as is gained by more advanced
measures of ground motion intensity, while allowing the user to process the records using
simple measures of intensity such as elastic spectral acceleration [1, 2]. The ground motion
parameter epsilon (�) has been shown to be an important predictor of structural response as

∗Correspondence to: Jack W. Baker, Terman Engineering Center, Room 234, Stanford University, Stanford,
CA 94305, U.S.A.

†E-mail: bakerjw@stanford.edu
‡E-mail: cornell@stanford.edu

Contract=grant sponsor: National Science Foundation; contract=grant number: EEC-9701568

Received 1 December 2005
Revised 15 January 2006

Copyright ? 2006 John Wiley & Sons, Ltd. Accepted 21 January 2006



1078 J. W. BAKER AND C. A. CORNELL

part of a vector-valued intensity measure (IM) [3], but the relationship between that �nding
and the e�ect of selecting ground motions based on their � values has not yet been examined in
detail. Here we consider the issue more thoroughly, and identify record properties that should
be considered when selecting ground motions for analysis. These criteria are considered in
the context of probabilistic assessment of structures, where both the ground motion hazard
and the response given the ground motion are quanti�ed in a formal probabilistic manner. It
will be seen that consideration of � values when selecting records is important, as � is related
to spectral shape, and thus a predictor of structural response.
Alternatively, a method is proposed for developing a target spectrum that accounts for

the magnitude (M), distance (R) and � values likely to cause a given target ground motion
intensity at a given site. The spectrum obtained in this way is termed a conditional mean
spectrum, considering � (CMS-�). This target spectrum criterion possibly widens the range of
acceptable records for analysis because the selected records do not necessarily have appropriate
magnitude, distance and � values, but rather the records need only have a spectral shape that
matches the mean spectrum from the causal event. The proposed target spectrum is compared
to a uniform hazard spectrum (UHS), and seen to be superior for obtaining unbiased estimates
of structural response. The CMS-� is similar to target response spectra used in the nuclear
safety industry [4–6], except that the e�ect of � has been incorporated here as well, given the
new �ndings about the relationship between � and spectral shape [3].
For the above reasons, it is suggested that when selecting earthquake motions for dynamic

structural analysis, e�orts should be made to �nd records with appropriate � values; this
appears to be more important than �nding records with appropriate magnitude and distance
values. Alternatively, one could select ground motions based on their similarity with the target
CMS-�, which accounts for the e�ect of causal magnitudes, distances and epsilons. Using these
selection criteria, more e�cient estimates of structural response can be obtained, and potential
biases in estimated structural response can be avoided. These results are relevant for estimating
the mean response at a given ground motion level (as used in, e.g. Reference [7]) as well as
probabilistic assessments of structural response (as used in, e.g. References [8, 9]).

THE EFFECT OF EPSILON ON SPECTRAL SHAPE

The ground motion parameter � has been identi�ed as an indicator of spectral shape [3].
Formally measured using Sa(T2)=Sa(T1) for some T1 and T2, spectral shape indicates the
relative values of spectral accelerations at other periods, given Sa at T1. The parameter �
is a measure of the di�erence between the spectral acceleration of a record and the mean
of a ground motion prediction equation at the given period. The relationship between � and
spectral shape is demonstrated in this section by examining patterns seen in a large set of
recorded ground motions taken from the PEER Strong Ground Motion Database [10]. This
link between � and spectral shape justi�es later conclusions regarding record selection. All
available records from this database that met the following criteria were selected:

1. The site was classi�ed as sti� soil: USGS class B-C or Geomatrix class C-D.
2. The recording was made in the free �eld or the �rst storey of a structure.
3. The earthquake magnitude was greater than 5.5.
4. The source-to-site distance was less than 100 km.
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SPECTRAL SHAPE EPSILON AND RECORD SELECTION 1079

5. The vertical and both horizontal components of the recording were available and each had
high-pass �lter corner frequencies less than 0.2Hz and low-pass �lter corner frequencies
greater than 18Hz.

These criteria were used to identify records believed to be most relevant for engineering
purposes. Additionally, records from the well-recorded Chi-Chi earthquake were omitted to
ensure that no single earthquake was the source of a signi�cant fraction of the records in
the database. A total of 191 recordings met the above criteria, resulting in 382 individual
horizontal ground motion components available for use (record details are given in Reference
[2, Table A.5]). These records were examined to search for a relationship between � and
spectral shape. First, � values were computed for each record at a range of periods using the
ground motion prediction model of Abrahamson and Silva [11]. The structure studied below
has a �rst-mode period of 0.8 s, so here the � values at 0.8 s are considered. The 20 records
with the largest � values at a period of 0.8 s were identi�ed (these records have � values
greater than 2.25), as well as the 20 closest to zero (these records have � values between
−0:06 and 0.06) and the 20 with the smallest � values (these records have � values less than
−2:25). The spectra of the records with large � values are scaled to have the same Sa(0:8 s)
value and plotted in Figure 1(a), along with their geometric mean; the records are scaled to
Sa(0:8 s)=0:5g, but the relative shapes of the spectra are not a�ected by actual value used. In
Figure 1(b), the spectra with small � values are shown, along with their mean. In Figure 2(a),
the geometric means of all three record sets are displayed. It is clear that the average shapes
of these record sets di�er, even though each set has a wide range of magnitudes and distances,
and the distribution of magnitude and distance values of the records does not di�er appreciably
among the sets. The same e�ect is observed in Figure 2(b) where the exercise is repeated
at a period of 0.3 s (the records selected and the resulting spectral shape depend upon the
period, because � values vary by period). This indicates that � is accounting for di�erences
in spectral shape, providing further empirical evidence for this previously observed e�ect [3].
Note that the most important distinction among these three sets is that between positive-�
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Figure 1. (a) Response spectra of records with the 20 largest � values at 0.8 s, and the geometric mean
of the set, after scaling all records to Sa(0:8 s)=0:5g; and (b) response spectra of records with the 20
smallest � values at 0.8 s, and the geometric mean of the set, after scaling all records to Sa(0:8 s)=0:5g.
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Figure 2. (a) The geometric mean of response spectra for negative-�, zero-� and positive-�
record sets, after each record’s spectrum has been scaled to Sa(0:8 s)=0:5g; and (b) the
geometric mean of response spectra for negative-�, zero-� and positive-� record sets, after

each record’s spectrum has been scaled to Sa(0:3 s)=0:5g.

records and zero-� records, because the former are associated with long-return-period ground
motions while the latter are associated with typical record sets chosen without regard to �
values.
It is widely known that for records with the same Sa(T1) value, spectral shape will a�ect

the response of multi-degree-of-freedom and non-linear structures, because spectral values at
other periods a�ect response of higher modes of the structure as well as non-linear response
when the structure’s e�ective period has lengthened. It is also recognized that magnitude and
distance can a�ect the spectral shape of records. In Reference [3], however, it was seen that
� also a�ects spectral shape, and that its e�ect is at least as great as that of magnitude or
distance. In the next section, knowledge of the e�ect of M , R and � on structural response
will be used as a guide when selecting records for non-linear analysis.

A PREDICTIVE MODEL FOR SPECTRAL SHAPE

A new target spectrum can now be developed, accounting for the relationship between � and
spectral shape. To develop this target spectrum, PSHA is used to �nd the Sa(T1) value corre-
sponding to the target probability of exceedance at the site, denoted Sa(T1)∗. Disaggregation
can then be used to �nd the mean of the M , R and � values (denoted M , R and �) that cause
occurrence of the Sa(T1)∗ level [12]. M and R, in turn, determine the means and standard
deviations of response spectral values for all periods via ground motion prediction models,
and � speci�es the number of standard deviations away from the mean the ground motion
is at the �rst-mode period, T1. Given knowledge of the mean � at T1, denoted �(T1), the
conditional distribution of Sa values at other periods can be calculated using only the dis-
aggregation data and knowledge of correlations of � values at a range of periods, as will be
shown below.
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This scheme for developing a target spectrum follows closely from procedures to develop
target spectra for analysis of nuclear facilities [4–6], except that those methods incorporate
only the causal M and R values from disaggregations; here, the e�ect of � is incorporated as
well. A similar idea was used previously to develop target response spectra that accounted
partially for the e�ect of � [13].
The mean value of the target response spectrum based on M , R and � can be computed

in the following manner: as was outlined in Reference [3], given certain assumptions the
conditional mean of the response spectrum can be computed using the following equation:

�ln Sa(T2)| ln Sa(T1)=ln Sa(T1)∗ =�ln Sa(M;R; T2) + �ln Sa(M;T2)�ln Sa(T1); ln Sa(T2) · �(T1) (1)

where M , R and �(T1) come from disaggregation given Sa(T1)= Sa(T1)∗. The terms
�ln Sa(M;R; T2) and �ln Sa(M;T2) are the marginal mean and standard deviation of ln Sa at
T2, obtained from a ground motion prediction (attenuation) relationship (e.g. Reference [11]).
Equation (1) is, in fact, an approximation obtained by substituting the mean values M , R
and � for the random values of M , R and � obtained from disaggregation. When the ground
motion hazard is dominated by a single magnitude and distance, as is the case for many
coastal California sites and certain Central or Eastern U.S. sites near Charleston or New
Madrid, the approximation is nearly exact. A detailed investigation into the approximation
[2, Appendix E], suggests the error introduced by Equation (1) is less than about 10% in
all realistic cases. This upper-bound error occurs when the ground motion hazard has equal
contributions from two earthquake sources with signi�cantly di�erent spectral shapes (e.g.
a nearby fault producing small magnitude events, and a distant fault producing large mag-
nitude events). In this case, the more complicated exact equation for the conditional mean
spectrum can be used if the potential error from Equation (1) is deemed to be unacceptable
[2, Appendix E]. Further, when substituting M , R and � into Equation (1), one does not neces-
sarily obtain exactly the target Sa(T1) value back again. This can be addressed by re-assigning
� to the � value that results in a prediction of the Sa(T1) target value; the modi�cation will be
small and this is consistent with the treatment of � by McGuire [12]. To complete the calcu-
lation of Equation (1), the following prediction for �ln Sa(T1); ln Sa(T2), developed from regression
on empirical observations [14], is also needed:

�ln Sa(T1); ln Sa(T2) = 1− cos
(
�
2

−
(
0:359 + 0:163I(Tmin¡0:189) ln

Tmin
0:189

)
ln
Tmax
Tmin

)
(2)

where Tmin and Tmax are the smaller and larger of T1 and T2, respectively, and I(Tmin¡0:189) is
an indicator function equal to 1 if Tmin¡0:189 s and equal to 0 otherwise. Note that with
the above information, conditional variances of the response spectrum could also be easily
computed, but they will not be used here.
Conditional mean spectra computed using Equation (1) are shown in Figure 3 for three

hazard levels, using of Sa(0:8 s) as the IM. The M , R and � associated with each hazard
level are labelled in the �gure. Note that the spectra have slight peaks at 0.8 s, and that the
peak becomes more prominent as the Sa(0:8 s) level (and the associated �) increase. This is
a re�ection of the phenomenon observed in Figures 1 and 2.
It is reasonable to assume that M , R and � are important to structural response only indirectly

as proxies for spectral shape, and that spectral shape is the record property directly a�ecting
structural response among records with the same Sa(T1); this assumption will be further
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Figure 3. Mean values of the conditional response spectrum for a site in Van Nuys, California,
given occurrence of Sa(0:8 s) values exceeded with 2, 10 and 50% probabilities in 50 years, and

the associated M , R, � from PSHA disaggregation.

justi�ed below. Thus, rather than trying to match target M , R and � values when selecting
records, one might use M , R and � to determine a target spectral shape using Equation (1),
and select records based on this target alone. This should increase the number of available
records, because some records with incorrect M , R or � values may have the ‘correct’ spectral
shape.
Only the mean value of the conditional spectrum is used here as the target, rather than

accounting for the entire conditional distribution. This is done under the justi�cation that
Sa(T1) is the primary predictor of structural response, and spectral values of other periods are
of secondary importance. Thus, Sa(T1) will be accounted for in a fully probabilistic manner
by using a ground motion hazard curve, and the other spectral values will be accounted for
through their conditional means. This approach follows probabilistically based load combina-
tion rules used in practice elsewhere (e.g. Reference [15, pp. 17–18]). In the sections below,
this conditional spectrum de�ned by Equation (1) is termed the conditional mean spectrum,
considering � (or CMS-�).

POTENTIAL RECORD-SELECTION STRATEGIES

To test the e�ect of a ground motion set’s M , R and � values, several selection methods
are considered, and the resulting structural response outputs compared. One would ideally
match the target distribution of all of these parameters simultaneously, but this is di�cult
in practice due to the �nite number of recorded ground motions. Because of this limitation,
the most important parameters should be identi�ed and priority be given to matching them
when selecting ground motions. Alternatively, one could select records based only on their
spectral shape and not based on M , R or �. With this in mind, four record-selection methods
are considered, in order to investigate the e�ect of these di�erent record-selection strategies
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SPECTRAL SHAPE EPSILON AND RECORD SELECTION 1083

on resulting estimated structural responses:

1. Select records at random from a record library, without attempting to match any speci�c
record properties (this will be abbreviated as the AR method, as it uses arbitrary records).

2. Select records with magnitude (M) and distance (R) values representative of the site
hazard, without attempting to match the � values (this will be abbreviated as the
MR-BR method, as it uses M , R-based records).

3. Select records with � values representative of the site hazard, without attempting to match
the magnitude and distance values (this will be abbreviated as the �-BR method, as it
uses �-based records).

4. Select records with spectral shapes that match the conditional mean spectral shape given
M , R and � as discussed earlier, but make no direct attempt to match the M , R or �
values (this will be abbreviated as the CMS-� method, as it uses the conditional mean
spectrum, considering �).

With all four methods, only ground motions recorded at �rm soil sites are considered, in
order to match the conditions present at the example site of interest. Method 1 can be con-
sidered as a base case, where information about the causal events is ignored when selecting
records (i.e. 40 records at random were selected from the library of 382). Method 2 re-
�ects state-of-the-art procedures for probabilistic structural assessments [16, 17]. For Method 2,
records were selected to have a minimum di�erence in magnitude and distance relative to the
M , R obtained from disaggregation (where a di�erence of one unit in magnitude was treated as
equivalent to a di�erence of 40 km in distance). Method 3 is used to test the e�ect of �. With
this method, the 40 records with � values closest to � were selected. Later, a vector-valued
IM will be used to account for magnitude, distance and � simultaneously.
Finally, Method 4 is used to investigate the hypothesis that M , R and � are proxies for

spectral shape, and that spectral shape is the factor directly in�uencing structural response. If
this is true, then records with a spectral shape matching the CMS-� for a given M , R and �
will be accurate predictors of structural response, regardless of their actual M;R and � values.
With this method, records were selected that had a minimum sum of squared di�erences
between their spectrum and the CMS-� at seven periods (0:16; 0:3; 0:5; 1:2; 1:5; 1:9, and 2.4 s),
after scaling the records to match the target Sa(0:8 s). The periods were selected to include
shorter periods corresponding to higher modes of oscillation of the structure, and longer
periods a�ecting non-linear response. The suggestion of ASCE 7-02 [18] to use 0:2T1 and
1:5T1 as the period range of interest was considered, although periods as large as 3T1 were
also included because the structure will be driven to high levels of non-linearity which may
cause signi�cant e�ective-period lengthening.
The records selected using Methods 2–4 will depend (to di�ering degrees) on the site of

interest, because causal M , R and � values depend on the surrounding faults and their rates
of activity. The records selected will also depend upon the hazard level of interest, because
small frequent levels of ground motion typically have di�erent associated magnitudes and
distances than large rare levels of ground motions, but most importantly, � changes radically
as the ground motion level increases. This was seen in the changing conditional mean spectral
shapes (and associated M , R and � values) at three hazard levels in Figure 3 for a site in
Van Nuys, California. Thus, if one is analysing the structure at multiple ground motion
intensities, as will be done here, then the records should be re-selected at each level to re�ect
the changing sources.
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Table I. Mean magnitude, distance and � values from disaggregation of
the Van Nuys site, and the corresponding mean values of the records
selected using each of the four proposed methods. The mean mag-
nitude, distance and � values of the record library are 6.7, 33 km,

and 0.2, respectively.

Target from 1. AR 2. MR-BR 3. �-BR 4. CMS-�
Sa(0:8 s) (g) disagg method method method method

Magnitude
0.1 6.3 6.7 6.5 6.8 6.6
0.8 6.4 6.7 6.4 6.7 6.9
1.6 6.4 6.7 6.5 6.6 6.9
2.4 6.5 6.7 6.5 6.6 6.8

Distance (km)
0.1 57.6 35.5 52.4 36.8 33.1
0.8 18.1 35.5 20.8 35.2 33.5
1.6 11.5 35.5 10.3 48.9 36.6
2.4 9.7 35.5 7.7 49.7 37.0

Epsilon (�)
0.1 0.0 0.0 0.6 0.0 0.1
0.8 1.5 0.0 0.0 1.4 0.5
1.6 2.1 0.0 −0.5 1.9 1.0
2.4 2.4 0.0 −0.5 2.0 1.2

The same set of records is used at all Sa(0:8 s) levels with Method 1. For Methods 2–4,
records are re-selected at several levels of ground motion intensity according the disaggregation
results at each level. The selected records used are listed in Reference [2, Appendix A]. For
all four methods, 40 records were selected at 12 Sa(T1) levels between 0.1 and 4:0g. Note
that if the target M , R and � values were all matched simultaneously, then the records would
already have the approximately the correct Sa(0:8 s) value. Because it is di�cult to match all
properties, however, it is necessary to employ some degree of record scaling to match the
target Sa(0:8 s) values. Only scaling of accelerograms is employed; the frequency content of
the records is not modi�ed.
In Table I, the mean magnitude, distance and � values of the selected records are given at

four of the Sa(T1) levels, along with the target values obtained from disaggregation. A few
observations can be made. When the record property is being matched explicitly, the selected
records tend to match the target value, and otherwise the records tend to match the mean
value of the record library. This is most apparent for the distance values, where the distance-
matched (MR-BR) records closely match the target distances, but the other record sets have
mean distance values of approximately 33 km: the mean of the record library. An interesting
phenomenon arises with the records selected based on spectral shape. The magnitudes and
distances of the selected records do not change appreciably as the Sa level varies, but the
� values do change in a manner similar to that of the target �. This suggests that in order
to match the spectral shape associated with a given M , R and �, it is possible to substitute
records with di�ering magnitudes and distances, but the spectral shapes associated with large
ground motion levels tend to have positive � values. The mean � value of the CMS-� records
is lower than the target �, however, implying that it is not entirely necessary to rely on only
the largest (and rarest) � records for selection of these more peaked conditional mean spectra.
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Figure 4. The CMS-� at Sa(0:8 s)=1:6g (given M =6:4, R=11:5 km and �=2:1) and the mean response
spectra of record sets selected using each of the four proposed methods.

In Figure 4, the mean response spectra of the selected record sets are compared to the
target mean from Equation (1) at a given Sa level. At Sa(0:8 s)=1:6g, the �-BR and CMS-�
records have mean spectra close to the target, while the AR records have larger Sa values at
some periods, and the MR-BR records have particularly high Sa values at nearly all periods
other than 0.8 s.

STRUCTURAL ANALYSIS

The records selected in the previous section were used as inputs for non-linear dynamic
analysis of a structure, to investigate any di�erences in resulting structural responses. The
structure is a seven-storey reinforced concrete frame building studied as part of a larger
performance-based engineering project [19]. The building is located in Van Nuys, California,
at the same site for which the ground motion hazard analysis above was conducted. A 2D
model of the transverse frame created by Jalayer [20] is used here. This model has an elastic
�rst-mode period of 0.8 s (which is the reason why Sa(0:8 s) has been used as the IM in this
study) and uses non-linear elements with strength and sti�ness degradation in both shear and
bending [21]. The maximum observed interstorey drift ratio was used as the structural response
parameter of interest. For simplicity, only results from this single structure are presented here;
the record-selection procedures have been repeated for two additional structures and similar
results were observed [2, Appendix F].
A variety of summary statistics can be used to compare the responses caused by each

set of records. The geometric mean of maximum interstorey drift ratio as a function of
IM is shown in Figure 5(a), using the results from the four record-selection methods. The
�-based records produce the lowest geometric mean responses, with the CMS-� records pro-
ducing approximately the same response. The other two methods produce slightly larger mean
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Figure 5. (a) The geometric mean of maximum interstorey drift ratio for records that do
not cause collapse, plotted vs Sa(T1) for the four record-selection methods considered; and
(b) probability of collapse vs Sa(T1) (i.e. the collapse ‘fragility curve’) using the four

record-selection methods considered.

responses. This comparison is of particular relevance to current practice, where the objective
is to estimate the mean response at a speci�ed ground motion intensity level [7]. The x axis
of this plot is limited to Sa values less than 1g, because at larger Sa levels, a signi�cant
portion of records causes collapse, and thus comparisons of non-collapse responses are less
meaningful. The standard deviations of log maximum interstorey drift ratio were also com-
puted. The �-based records produce slightly smaller dispersions than the arbitrary records and
M , R-based records, and the CMS-� records produce signi�cantly lower dispersions, because
by selecting records based on their similarity to a mean spectrum, records with ’smooth’ spec-
tra were preferentially selected. As long as these smoother spectra do not bias response, this
smaller dispersion implies that mean responses can be estimated more e�ciently (i.e. with
fewer records). The dispersion is arti�cially lower than would be observed if all records were
considered, however. This is not a concern if only the mean response is of interest, but it may
a�ect the results of probabilistic ‘drift hazard’ reliability assessments. The reduced dispersion
does not appear to a�ect the drift hazard curve computed below, but further investigation is
needed to determine whether this is true in general.
In addition, the probability of collapse versus Sa (i.e. the collapse fragility curve) was

computed for the four record-selection methods by counting the fraction of records that cause
collapse at each Sa level and �tting a lognormal distribution to the results using the maximum
likelihood method [2, Appendix D]. The result is seen in Figure 5(b). The arbitrary records
and M , R-based records have larger probabilities of collapse, particularly in the left tail of
the distribution, which tends to be most important (because smaller Sa values occur much
more frequently than the larger Sa values at the right end of the distribution). The estimated
probabilities of collapse versus Sa from the CMS-� records and the �-based records are nearly
identical.
The method used to select records has a signi�cant e�ect on the resulting estimates of

structural response, as seen in the non-collapse geometric means and the probability of collapse
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estimates. It is noted that the �-BR and CMS-� methods produce similar geometric mean
responses and collapse probabilities, with the latter method giving lower dispersions.

Incorporating ground motion hazard to compute drift hazard

An additional way to compare results from the various record-selection methods is to com-
bine the estimated distributions of response as a function of Sa(T1) with the probability of
exceedance of each Sa(T1) level, to compute the mean annual frequency of exceeding a given
structural response level (sometimes referred to as a drift hazard curve). The mathematical
details of this simple integration are explained in detail in, e.g. Reference [3]. These com-
putations incorporate both the collapse and non-collapse responses discussed in the previous
section. The resulting drift hazard curves are shown in Figure 6(a). The AR method and
MR-BR method records produce higher estimated probabilities of exceedance than the other
two methods, particularly at large response levels. Further, the results from the CMS-� and
�-BR methods are nearly identical. This is consistent with earlier �ndings regarding the e�ect
of �, [3], but here the e�ect is seen using careful record selection rather than a vector-valued
measure of ground motion intensity.
We can further verify that variation among the results in Figure 6(a) is due to variation

in spectral shape (as accounted for by either � or the CMS-�) by incorporating a vector-
valued IM consisting of Sa(T1) and �, using the method of Reference [3]. A vector IM can
mimic the e�ect of careful record selection, as is explained in detail elsewhere [1]. This is
seen in Figure 6(b)—when the vector IM is used to compute drift hazard curves, the results
are in much closer agreement. The curve from the MR-BR method records does not agree
perfectly with the others, but the agreement is better than in Figure 6(a) before the e�ect of �
was accounted for. The remaining di�erence is likely due to random variation among ground
motions, and not a systematic e�ect of any of considered ground motion parameters. The
structural response results of Figure 5 can also be modi�ed using a vector IM including �,
and here the � parameter also causes these results to agree more closely.
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Figure 6. Mean annual frequency of exceeding various levels of maximum in-
terstorey drift ratio, as computed using: (a) the scalar intensity measure Sa(T1);

and (b) the vector intensity measure Sa(T1) and �.
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Vector-valued IMs can also be used to incorporate the e�ect of magnitude or distance with
the �-based records. Incorporating magnitude or distance in the IM, however, did not result in
appreciable changes to the drift hazard curve (consistent with the �ndings in Reference [3]).
These results indicate that the structural response estimates obtained from the AR method and
MR-BR method records are biased, because incorporation of additional information regarding
� results in a change to the geometric mean response and probability of collapse estimates.
Conversely, response estimates obtained from the CMS-� method and �-BR method records do
not appear to be biased, as the incorporation of additional information regarding the ground
motions does not result in a change to the response estimates. This suggests that � (or its
implied e�ect on mean spectral shape) should be given primary consideration when selecting
records, with lesser consideration given to magnitude or distance.

CONDITIONAL MEAN SPECTRA VERSUS UNIFORM HAZARD SPECTRA

The target spectrum used most frequently today for analysis of buildings is the UHS
[18, 22, 23]. A UHS is de�ned as the locus of points such that the spectral acceleration value
at each period has an exceedance probability equal to the speci�ed target probability. PSHA
analyses are performed independently for each period when computing this spectrum, so it
is important to remember that nothing can be said about the joint occurrence or exceedance
of all of these spectral values simultaneously. Thus, treating the UHS as the spectrum of a
single earthquake event is questionable, as has been noted by others [24–26]. Because of this
concern, nuclear industry design procedures provide an alternative procedure for de�ning a
design spectrum [4–6]. The di�erence between the nuclear and building design procedures
indicates that a consensus has not yet emerged regarding appropriate design spectra.
The reason why a UHS does not represent a spectrum caused by a single earthquake at a

given site is typically explained as follows: the high-frequency portion of the UHS is often
dominated by small nearby earthquakes, while the low-frequency portion is dominated by
larger, more distant earthquakes. Because the high- and low-frequency portions come from
di�erent events, no single earthquake will produce a response spectrum as high as the UHS
throughout the frequency range considered. While it is true that no single earthquake is likely
to produce a spectrum as high as the UHS, an additional underappreciated reason for this
is the variability in spectral values (for a given magnitude and distance). At each period,
the spectral acceleration value given a magnitude and distance is random—it could be higher
or lower than the mean prediction. For low annual probability (long-return-period) design
criteria, the UHS is almost always higher than the mean spectrum (or spectra) for the
dominant event (or events) at a site (i.e. � is greater than 0, as explained in Reference [3]).
Even when a record has a spectral acceleration value as large as the UHS at a given period,
it is unlikely to be as high as the uniform hazard spectra at all periods. Thus, a spectrum that
is equal to the UHS at a range of periods has a much lower probability of exceedance than
the probability level assigned to the UHS. Therefore, using a UHS as a target spectrum for
probabilistic analysis would be conservative, due to variations in causal magnitudes, distances
and epsilons from period to period.
The fact that a UHS is always higher than individual CMS-�, as can be seen in Figure 7(b),

suggests that a UHS may be a reasonable target spectrum in some circumstances. Compu-
tation of the CMS-� requires knowledge of T1, so if one is performing expensive analyses

Copyright ? 2006 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. 2006; 35:1077–1095



SPECTRAL SHAPE EPSILON AND RECORD SELECTION 1089

0.1 1

10

0.01

0.1

1

Spectral acceleration [g]

M
ea

n 
an

nu
al

 r
at

e 
of

 e
xc

ee
da

nc
e

 

 

2% in 50 year hazard

Sa(0.8s)

Sa (0.8s,1.6s)

Sa(1.6s)

(a)
3

10

10

0.1
Period [s]

10

0.1  

 

CMS-� spectrum for Sa(0.8s)

CMS-� spectrum for Sa (0.8s,1.6s)  

CMS-� spectrum for Sa(1.6s)
Uniform Hazard Spectrum

S
pe

ct
ra

l A
cc

el
er

at
io

n 
[g

]

 

1

0.05 1 5
(b)

Figure 7. (a) Hazard curves for ln Sa(0:8 s), ln Sa(1:6 s), and ln Saavg(0:8 s; 1:6 s)
at the Van Nuys site; and (b) CMS-� for these three IMs at the 2% in 50 year

hazard level, and the 2% in 50 year uniform hazard spectrum.

or experiments on a system with an unknown period or many sensitive periods and cannot
run many tests, the UHS could instead be used as a target spectrum, recognizing that the
results may be quite conservative. But if one can a�ord to perform many analyses, a less
conservative estimate of responses can be obtained by using CMS-� conditioned on target Sa
values at several periods, and taking the envelope (or some other combination) of responses
estimated with records based on these spectra. That is, rather than estimating the response
from an envelope of spectral values (the UHS), one could estimate the envelope of responses
from several CMS-�. This should be less conservative than using the UHS, and more suited
for use in probabilistic assessments. An alternative approach would be to adopt an IM that
averages a record’s response spectrum across a range of periods; this avoids the need to use
spectra that are peaked at speci�c periods, as will be discussed in the following section.

DO WE REALLY WANT RECORDS WITH A PEAK IN THEIR SPECTRUM?
CONSIDERATION OF SPECTRAL ACCELERATION

AVERAGED OVER A PERIOD RANGE

It is assumed above that earthquake intensity is measured by Sa(T )—that is, spectral
acceleration at a single period. This IM is a perfect predictor of structural response for elas-
tic single-degree-of-freedom systems with natural period T . For multiple-degree-of-freedom
structures, Sa(T ) can e�ectively predict even non-linear structural response when the period
T is chosen to equal the �rst-mode period of the structure, especially if the structure is ‘�rst-
mode dominated’ [27]. For these reasons it is often used in probabilistic seismic reliability
assessments.
It was seen above that extreme (rare) values of Sa(T1) are not associated with equally

extreme Sa values at all periods, due to a lack of perfect correlation among response Sa
values at di�ering periods. This phenomenon results in the spectrum of rare ground motions
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(as de�ned by their Sa(T1) level) having a peak at Sa(T1), as was seen earlier. But if the
structural response parameter of interest is sensitive to Sa values at multiple periods, then
perhaps this speci�c peaked spectrum should not be of primary concern (loosely speaking,
rather than worrying about a spectrum that is ‘very’ strong at a single period, one might
worry more about an equally rare spectrum that is ‘somewhat’ strong at several periods). In
this case an IM which averages spectral acceleration values over a range of periods might be
a better indicator of structural response [1, 28]. The relationship between this IM and target
response spectra will now be shown.
Consider the geometric mean of spectral acceleration values at a set of periods:

Saavg(T1; : : : ; Tn)=
(

n∏
i=1
Sa(Ti)

)1=n
(3)

where T1; : : : ; Tn are the n periods of interest. The computations here are general for any set
of periods, and so in this section T1 need not refer to the �rst-mode period of the structure.
This can also be expressed as a (arithmetic) mean of logarithmic spectral acceleration values

ln Saavg(T1; : : : ; Tn)=
1
n

n∑
i=1
ln Sa(Ti) (4)

This formulation is convenient, because ground motion prediction equations can be easily
developed for an ln Saavg with an arbitrary set of periods, T1; : : : ; Tn, using existing models.
The mean and variance of ln Saavg(T1; : : : ; Tn) are given by

E[ln Saavg(T1; : : : ; Tn)] =
1
n

n∑
i=1
E[ln Sa(Ti)] (5)

Var[ln Saavg(T1; : : : ; Tn)] =
1
n2

n∑
i=1

n∑
j=1
�ln Sa(Ti); ln Sa(Tj)�ln Sa(Ti)�ln Sa(Tj) (6)

where E[ln Sa(Ti)] and �ln Sa(Ti) are the conditional mean and standard deviation of ln Sa(Ti),
available from popular ground motion prediction models (e.g. Reference [11]). The term
�ln Sa(Ti); ln Sa(Tj) was given in Equation (2) above. Note that Equations (5) and (6) are the
conditional logarithmic mean and variance given magnitude, distance, etc., as with standard
ground motion prediction models for ln Sa(T ). Further, if ln Sa(Ti) values are assumed to be
jointly Gaussian, as is often done [29, 30], then their sum is also Gaussian and Equations (5)
and (6) completely de�ne the distribution of ln Saavg(T1; : : : ; Tn). Probabilistic seismic hazard
analysis and disaggregation can then be performed using this IM, exactly as is done for any
single spectral acceleration value.
The CMS-� can also be computed for this IM. To complete the calculation, the correlation

coe�cient between any ln Sa(T ) and ln Saavg(T1; : : : ; Tn) is needed. This correlation coe�cient
can be shown to equal

�ln Sa(T ); ln Saavg(T1 ;:::;Tn) =
∑n

i=1 �ln Sa(T );ln Sa(Ti)�ln Sa(Ti)√∑n
i=1

∑n
j=1 �ln Sa(Ti); ln Sa(Tj)�ln Sa(Ti)�ln Sa(Tj)

(7)

The procedure used earlier can now be repeated for ln Saavg(T1; : : : ; Tn).
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Figure 8. Records scaled to target IM levels associated with 2% in 50 year probability of exceedance.
Records were selected using the �-BR method, where the � values came from the appropriate PSHA

disaggregation: (a) records scaled to ln Sa(0:8 s); and (b) records scaled to ln Saavg(0:8 s; 1:6 s).

For illustration, consider a simple case of Equation (4) consisting of periods at only T1
(the �rst-mode period of the considered structure) and 2T1. This is, in fact, equivalent to
the IM considered by Cordova et al. [31]. We will again consider a T1 value of 0.8 s, so
that 2T1 = 1:6 s. Using the Abrahamson and Silva [11] ground motion prediction model for
ln Sa(0:8 s) and ln Sa(1:6 s) and the prediction for ln Saavg(0:8 s; 1:6 s) based on the above
equations, three hazard analyses were performed for the Van Nuys site described above
(a procedure also performed in Reference [31]). Their hazard curves are shown in Figure 7(a).
At the 2% in 50 year hazard level, the CMS-� is computed and displayed in Figure 7(b) for
each of the three IMs using their respective IM values and associated disaggregations on M ,
R and �. Note that with the ln Saavg(0:8 s; 1:6 s) CMS-�, the peaks at individual periods are
lessened, but this smoother spectrum is di�erent than the UHS (it will always be lower than
the UHS).
Further intuition regarding the spectra associated with this IM can be obtained from

Figure 8, where records are selected and scaled to target IM levels using either Sa(0:8 s)
or Saavg(0:8 s; 1:6 s). Records were selected using the �-BR method, with the � values obtained
from the PSHA analyses displayed in Figure 7(a). It should be emphasized that although the
spectra in Figure 8(b) appear to be casually scaled using a conventional method to minimize
the RMS error between the record spectra and a target spectrum over a range of periods (e.g.
Reference [18]), they have actually been scaled precisely so that each record has a common
speci�ed value of Saavg(0:8 s; 1:6 s). Therefore, they can be used unambiguously to obtain a
drift hazard curve as was done earlier with Sa(0:8 s).
The mean spectra from Figure 8(a) and (b) have di�erent shapes, and the shapes are nearly

identical to the mean shapes predicted in Figure 7(b); thus, the Saavg(0:8 s; 1:6 s) IM produces
selected records that tend to be less peaked. Also, the spectra in Figure 8(a) clearly display
the characteristic ‘pinch’ at 0.8 s, while the spectra in Figure 8(b) are never equal at any
period. The spectra in Figure 8(b), however, have less variation in the range of 1–2 s than
the records in Figure 8(a). This suggests that by giving up perfect knowledge of Sa at 0.8 s,
the Saavg(0:8 s; 1:6 s) IM is able to provide improved information about Sa values at a range
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of periods. The ‘information’ provided at each period by these two IMs at various periods
can be more rigorously de�ned using the conditional variance of the response spectrum given
a value of the IM level; this idea is developed in more detail elsewhere [2].
If a structure is sensitive to a range of periods, the possibility exists that the IM

ln Saavg(T1; : : : ; Tn) could be designed speci�cally to incorporate these periods. The Sa val-
ues at each period could even have di�ering weights to re�ect to some degree the relative
importance of each to structural response [1, 31, 32]. Structural response conditional on this
IM may be less sensitive to remaining spectral shape variation, so that the record-selection
scheme used would no longer a�ect the estimated response. If this IM were to be adopted,
extra e�ort would be required to choose the periods appropriately and to perform ground
motion hazard analysis for the new IM. The e�ectiveness of this IM, relative to Sa(T1), will
depend upon the level of non-linearity in the structure and whether it is sensitive to higher-
mode responses. It will also depend upon the structural response parameter of interest. An
investigation into its e�ectiveness has been performed for a single structure [31], but more
work is needed to draw general conclusions. If it does prove helpful, however, the concept of
CMS-� can be used for this IM as well. The resulting CMS-� are not as ‘peaked’ as CMS-�
based on spectral acceleration at a single period, but they still di�er from uniform hazard
spectra.

CONCLUSIONS

Selection of earthquake ground motions for dynamic analysis of structures has been investi-
gated, with the aim of accurately measuring the distribution of structural response associated
with earthquake ground motions of a speci�ed intensity, as measured by Sa(T1). In order
to identify ground motion properties that a�ect the response of a non-linear multi-degree-of-
freedom structure, records were selected using several methods: (1) use arbitrary records, (2)
select records to match causal magnitudes and distances, or (3) select records to match causal
� values. Causal values of magnitude, distance and � depend upon the site of interest and the
ground motion intensity level of interest, and can be determined from probabilistic seismic
hazard disaggregation. A method for calculating the expected spectral shape given a speci�ed
Sa(T1) level and its associated causal magnitude, distance and � values was presented and
termed the conditional mean spectrum considering � (CMS-�). This CMS-� is similar to spec-
tra used for design of nuclear facilities, except that the e�ect of � is not considered in those
spectra. As a fourth record-selection alternative, records were selected to match this CMS-�,
regardless of the records’ magnitude, distance and � values.
The response spectra of records selected using these four methods were examined; it was

seen that the CMS-� at a rare, extreme ground motion intensity, as measured by Sa(T1), has
a ‘peak’ at T1. Records selected based on their � values or their match with the CMS-� tend
to have this peak in their spectra, unlike records selected using the other two methods. For
each of the record-selection methods, median structural response and probability of collapse
were computed at a range of ground motion intensity levels, and the drift hazard curve was
computed. For the records selected arbitrarily or based on magnitude and distance, inclusion
of the parameter � in a vector IM resulted in reduced estimates of structural response relative
to the estimates obtained with the scalar IM Sa(T1); this indicates that response estimates
obtained using these record-selection approaches are biased when Sa(T1) is used as the IM.
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Conversely, response estimates obtained from �-based records or CMS-� records were not
sensitive to the inclusion of other parameters in a vector IM, suggesting that these records
produce unbiased results. Other work with these ground motion sets suggests that the records
selected based on � or CMS-� can also be scaled without producing biased responses, unlike
the arbitrary records or M , R-based records [2]. These observations can be explained by the
idea that spectral shape (i.e. spectral acceleration values at other periods, given Sa at T1)
is the record property that directly a�ects structural response, whereas magnitude, distance
and � are merely proxies for spectral shape (and � appears to be a particularly important
proxy).
The records selected based on CMS-� produced smaller dispersions in structural response

than records obtained with the other procedures, because records with smooth response spec-
tra were preferentially selected. This reduces the number of records needed to obtain mean
response estimates with a given con�dence level. The dispersion is somewhat arti�cially sup-
pressed, however, because it is obtained by ignoring records with rough spectra (which are
also expected to occur in reality). This may be problematic for probabilistic drift hazard
assessments, where accurate estimates of both the mean and dispersion of response are needed,
although no signi�cant errors were observed in the assessments performed here. Future work
will focus on exploiting the bene�t of this reduced dispersion while also ensuring that it does
not introduce errors in the analysis.
Response spectra of ground motions whose intensity is de�ned based on spectral acceleration

averaged over a range of periods were considered. It was seen that the mean spectra of motions
de�ned in this way do not have the ‘peak’ seen when Sa(T1) is used as the intensity measure
(IM). This de�nition of intensity provides improved but limited information about spectral
values at a de�ned set of periods, at the cost of giving up perfect information about spectral
acceleration at T1. Probabilistic seismic hazard analysis, record-selection criteria and target
spectra can all be obtained for this IM in the same way as for the standard Sa(T1) IM. The
question of when this IM is more e�cient than Sa(T1) was not considered.
Based on the �ndings in this paper, the following suggestions for record selection can

be made: the record property � at the period T1 is an important property to match when
selecting ground motions for analysis, where the ground motion intensity is measured using
Sa(T1). This applies for estimation of mean response at a given Sa(T1), as well as for fully
probabilistic drift hazard assessment. If an analyst also prefers to match target magnitude
and distance values when selecting ground motions, care should be taken to ensure that this
objective does not inhibit the selection of records with appropriate � values. Although not
investigated here, it is likely also important to match soil type due to its e�ect on spectral
shape, especially at soft soil sites [16] (records from sti� soil sites were used exclusively in
this study, to match the soil conditions at the example site of interest). As an alternative to
selecting earthquake records based on magnitude, distance and=or �, one can instead use the
procedure outlined above to determine the CMS-� for the Sa(T1) level of interest. Records can
then be selected to match this spectrum without worrying further about magnitude, distance
or �. This spectral-shape-matching approach is appealing not only because it is seen to avoid
response prediction bias, but also because there are by de�nition few records with � values
equal to the � values of rare intense ground motions of engineering interest. The relatively
greater number of records with a spectral shape matching the shape of rare ground motions
means that there are potentially a larger number of appropriate ground motions available with
this approach.

Copyright ? 2006 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. 2006; 35:1077–1095



1094 J. W. BAKER AND C. A. CORNELL

The procedure considered here requires knowledge of the structure’s location (for ground
motion hazard analysis) and a structural model (for dynamic analysis and determination of
the structure’s �rst-mode period). Implications for simpli�ed design guidelines, where less is
known about the structure, were not considered in detail. The conclusions herein are supported
by empirical observations of maximum interstorey drift ratios in three example frame structures
of varying periods subjected to large numbers of ground motions. Based on the ideas developed
in this paper, it is expected that these conclusions will apply for other types of structures and
other response parameters, but further studies will be helpful in con�rming this.
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